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Abstract. Considerable attention has recently been
paid to the study of so-called “secondary” acoustic-
gravity waves (AGWs) that arise as a result of instabil-
ity and nonlinear interactions of “primary” wave modes
propagating from atmospheric sources, among them-
selves, and with the mean flow. In this paper, for the
first time, the horizontal spatial spectra of primary and
secondary AGWs are separated at fixed altitude levels
in the middle and upper atmosphere at different time
moments, which are simulated using a three-
dimensional nonlinear high-resolution model AtmoSym.
It is shown that in a short time after switching on the
plane wave source at the lower boundary of the model,
the spectrum consists of a peak corresponding to prima-
ry AGW and quasi-white noise generated by random

atmospheric disturbances and the numerical model. Lat-
er, secondary peaks appear in the spectra at horizontal
wave numbers, which are multiples of the wave num-
bers of primary AGW. The proposed separation of the
spectra of primary and secondary AGWs makes it pos-
sible to estimate the relative contribution of secondary
AGW at different altitudes, at different times, and with
different stability of background temperature and wind
profiles in the atmosphere.

Keywords: acoustic-gravity waves, spectrum, sec-
ondary waves, numerical simulation, upper atmosphere,
middle atmosphere.

INTRODUCTION

Acoustic-gravity waves (AGWSs) play an important
role in the dynamics of the middle and upper atmos-
pheric layers. AGWs generated in the lower atmosphere
propagate upward into the mesosphere and thermo-
sphere, transferring momentum and energy to higher
layers of the atmosphere. Due to dissipation and mo-
mentum transfer to the mean flow, they can cause the
zonal circulation to turn in the mesosphere/lower ther-
mosphere and affect the general circulation of the mid-
dle and upper atmosphere. Studies [Yigit, Medvedev,
2009; Yigit et al., 2009; Miyoshi et al., 2014] have
shown that the mean-flow wave accelerations caused by
dissipation of AGWSs coming from the troposphere play
an important role in maintaining the momentum balance
in the thermosphere. Thus, to understand the dynamics
of the atmosphere as a whole and its layers requires ad-
equate knowledge of AGWs.

To take into account AGW effects in global circula-
tion models, mesoscale waves and their interaction with
the mean flow should be parameterized, and these pa-
rameterizations should be compared with experimental
data [Alexander et al., 2010; Geller at al., 2013]. Nowa-
days, high-resolution numerical models of global circu-
lation [Miyoshi, Fujiwara, 2008; Becker et al., 2015]
can firstly simulate only large-scale AGWs and second-
ly are relatively expensive. That is why there is still a
need for effective parameterizations of thermal and dy-
namic AGW effects for climate models or complex

models of the atmosphere—ionosphere system. There are
a number of such parametrizations, with AGW sources
being also parametrized or being specified from obser-
vations or climatological studies of AGWs in the lower
atmosphere.

Numerical simulation of nonlinear small-scale
waves and turbulence in the atmosphere has been rapid-
ly developing in recent years. Fritts et al. [2009, 2014]
have simulated the breaking of atmospheric internal
waves and Kelvin—Helmholtz instabilities. Their mod-
els are three-dimensional and describe propagation and
breaking of AGWs in rectangular atmospheric regions
with limited horizontal and vertical dimensions. Two-
dimensional numerical models of atmospheric AGWSs
have been developed by Yu et al. [2009] and Liu et al.
[2008]. A two-dimensional version of the ICON model
is currently used at the Institute of Atmospheric Physics
(Kuhlungsborn, Germany) [Gassmann, Herzog, 2015].

Gavrilov and Kshevetskii [2014] have developed a
high-resolution three-dimensional numerical model de-
scribing propagation of nonlinear AGWs through the
atmosphere from the Earth surface to the thermosphere.
The numerical scheme adequately takes into account the
fundamental laws of conservation of mass, momentum,
and energy, as well as the law of non-decreasing entro-
py. This model can provide physically correct general-
ized solutions of hydrodynamic equations, as well as
can ensure the stability of the numerical scheme in the
field of breaking of nonlinear waves and transition to
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turbulence, where many computational algorithms be-
come invalid. With the wide range of heights under
study, this stable algorithm makes the numerical model
suitable for simulating AGWs and their instability at
heights from the Earth surface to the thermosphere.
Numerical simulation provides further insight into the
mechanisms of dynamic interaction between different
atmospheric layers.

When AGWs break down in the middle and upper
atmosphere, strong nonlinearity and cascaded energy
transfer to smaller-scale waves occur. Small-scale sec-
ondary wave modes of AGWs are shorter than primary
breaking AGWSs. These secondary AGWSs can boost the
transition of wave energy to turbulence, and can also
produce significant wave fluxes of momentum. Moreo-
ver, secondary AGWs can cause inhomogeneities of
background fields with dimensions comparable to hori-
zontal dimensions of wave packets [Vadas, Fritts,
2002]. These inhomogeneities can, in turn, excite sec-
ondary wave modes with horizontal lengths greater than
those of primary waves. The long secondary waves have
high horizontal phase velocities and long vertical
lengths. They can transfer energy and momentum more
effectively and propagate to higher altitudes in the upper
atmosphere.

The primary AGWs that propagate from the tropo-
sphere can create localized regions of increased and
decreased momentum and energy fluxes in the middle
and upper atmosphere [Fritts et al., 2006; Smith et al.,
2016]. Irregularities of the related wave accelerations
can lead to generation of upward and downward sec-
ondary AGWs with horizontal lengths of the order of
scales of the irregularities. Secondary AGWs can also
be generated when primary AGWSs are broken down,
accompanied by strong nonlinearity. Such secondary
AGWs arise as high harmonics and usually have lengths
and periods shorter than primary wave modes [Bacmeis-
ter, Schoeberl, 1989; Franke, Robinson, 1999]. Since
the first mechanism produces longer secondary waves
with higher phase velocities, they can propagate to
higher altitudes. Intense secondary waves can, in turn,
break down and cause additional accelerations at high
altitudes.

Simulation has shown that the primary AGWSs excit-
ed by deep convection can reach the thermosphere,
where they break down and dissipate [Vadas, Liu, 2013;
Vadas, Crowley, 2010]. This process causes irregular
localized accelerations, which excite secondary AGWSs
with long lengths [Vadas, Crowley, 2010]. Such sec-
ondary AGWSs can then propagate up to much higher
altitudes, leading to considerable variability in the neu-
tral wind [Vadas, Crowley, 2017]. Furthermore, these
secondary AGWs increase the variability of the iono-
sphere by generating medium- and large-scale traveling
ionospheric disturbances [Azeem et al., 2017; Vadas,
Crowley, 2017]. Recent experimental data suggest that
secondary AGWSs can be formed in the winter polar
stratosphere and then can be observed in the mesosphere
and lower thermosphere [Chen et al., 2016; Zhao et al.,
2017].

87

Analysis of literature sources shows that generation
of secondary AGWs is an important process that strong-
ly modifies the wave energy and momentum transfer
and transformation mechanisms. A more detailed study
of secondary AGWSs requires developing high-
resolution numerical models and methods for separating
the spectra of primary and secondary wave modes.

This article describes the formulation of the problem
of simulating plane waves in the high-resolution model
AtmoSym and an algorithm that allows us to separate
spectra of primary AGWSs, generated by a wave source
at the lower boundary of the model, and secondary
AGWs, produced by these primary waves in different
layers of the middle and upper atmosphere. Examples
are given which illustrate the gradual formation of the
spectrum of secondary waves after switching on the
wave source in the model.

1. NUMERICAL MODEL

We have used AtmoSym, a high-resolution three-
dimensional numerical model developed by Gavrilov
and Kshevetskii [2014], which is available online for
free [http://atm os.kantiana.ru/language/ru]. The model
is based on the plane geometry and complete hydrody-
namic  three-dimensional  equations  [Gavrilov,
Kshevetskii, 2014]. AtmoSym takes into account dissi-
pative and nonlinear processes affecting AGW propaga-
tion, and can describe such complex processes as instabil-
ity of AGWs, their breaking, and turbulence generation.

Background temperature profiles To(z) for the simu-
lation have been taken from the semi-empirical atmos-
pheric model NRLMSISE-00 [Picone et al., 2002].
Background dynamic coefficients of dynamic molecular
viscosity and thermal conductivity are estimated using
Sutherland's formula [Kikoin, 1976]. The AtmoSym
model also includes background turbulent viscosity and
thermal conductivity that reach maxima of ~10 m?/s in
the boundary layer and the lower thermosphere and a
minimum of 0.1 m?s in the stratosphere [Gavrilov,
Kshevetskii, 2014]. Zero values of vertical temperature
gradients and horizontal velocity, as well as zero verti-
cal velocity are set at the upper boundary [Gavrilov,
Kshevetskii, 2014]. Under such upper boundary condi-
tions, the AGWSs coming from the underlying layers of
the atmosphere may be reflected. The upper boundary in
this study is set at an altitude of 600 km, where molecu-
lar viscosity and thermal conductivity are very high, and
the reflected waves are subject to strong attenuation.
Numerical tests indicate that the influence of upper
boundary conditions is negligible at distances from the
upper boundary that are twice the height of a homoge-
neous atmosphere. Thus, at altitudes to 200 km we ana-
lyze, the influence of upper boundary conditions is in-
significant. The lower boundary conditions on the Earth
surface have the following form (see [Gavrilov,
Kshevetskii, 2014]):

(T =0, (U), =0, (v),
(W), , =W, cos(ot -k, F),

0,
@)
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where T', u, v, w are wave disturbances of temperature
and velocity components along the horizontal X, Y axes
and the vertical Z-axis respectively. The latter relation
for the vertical velocity on the Earth surface in (1)
serves as a source of plane AGWSs in the AtmoSym
model, where W, and o are the amplitude and frequency

of wave excitation; K, (k,.k,) and r,(x, y) are the

horizontal wave vector and the radius vector, and k, and
k, are the wave numbers along the horizontal X and Y
axes. The plane wave modes can be considered as spectral
components of tropospheric convective, turbulent, and
meteorological processes. These processes can be para-
metrized by corresponding sets of effective spectral com-
ponents of vertical velocity at the lower boundary of the
atmosphere [Townsend, 1965, 1966]. Along the horizontal
Xand Y axes, we can assume a periodicity of wave fields.

Numerical simulation begins in windless conditions
of the undisturbed atmosphere with vertical profiles of
background temperature, density, molecular weight, and
molecular kinematic viscosity corresponding to January
at 50° N under moderate solar activity according to the
NRLMSISE-00 model [Picone et al., 2002]. Previous
studies using the AtmoSym model have shown that a
sharp activation of surface wave source (1) can give rise
to an intense initial AGW impulse, which can reach
high altitudes in a few minutes. To slow down the rate
of the wave source activation, we multiply the vertical
velocity amplitude at lower boundary (1) by a Gaussian
function increasing from zero at t=0 to 1 at t=t, (for
more detail, see [Gavrilov et al., 2022]). The moment t,
is considered the time of wave source activation in the
model; and at t>t,, the amplitude of the source Wy in (1)
does not change.

At low amplitudes of the wave source in (1), the
numerical solution in the lower and middle atmosphere
should be expected to tend at t>>t, to steady-state plane
AGWs corresponding to the standard linear theory (e.g.,
[Gossard, Hooke, 1975]). Gavrilov et al. [2015] have
revealed a close correlation between the simulated am-
plitudes of different wave fields and the polarization
relations of the linear theory of AGWSs [Gossard,
Hooke, 1975] at t > t, at altitudes to 100 km.

2. IDENTIFICATION OF SPECTRUM
OF SECONDARY AGWs

In this paper as in Gavrilov et al. [2022], we exam-
ine AGW modes propagating along the eastward X-axis
and assume that the horizontal dimension of the atmos-
pheric region under study is equal to the length of the
latitude circle at 50° N, L,=27 000 km. At the horizontal
boundaries of this latitude circle, we apply periodic
boundary conditions (see [Gavrilov, Kshevetskii, 2014]).
The simulation has been carried out using wave source
(1) with AGW amplitudes within W,=0.01-0.1 mm/s.
The lowest amplitudes correspond to weak AGWs, for
which the nonlinear effects are small at all the heights
considered. At Wy~0.1 mm/s, intense AGWSs are excited
which are subject to significant nonlinear interactions in
the mesosphere and lower thermosphere.

The range of horizontal phase velocities c,~50—
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200 m/s we use is peculiar to AGWSs with relatively
long vertical wavelengths, which can propagate from
the Earth surface to the upper atmosphere. The number
of wavelengths along the latitude circle n=32, which
corresponds to the horizontal wavelength A,=Ln/n~840
km and the AGW periods t=Ay/cp~4.7-1.2 hr for the
above range of ¢, values. The step between nodes of the
horizontal grid of the numerical model Ax=\/16; and
the time step of calculations At=2.9 s. The vertical grid
of the model covers heights from the Earth surface to 600
km and contains 1024 unequally spaced nodes. The step of
the vertical grid varies from 12 m at the bottom to 3 km
near the upper boundary, so about 70 % of the grid nodes
are located in the lower and middle atmosphere.

The spatial spectra of the simulated hydrodynamic
fields by the horizontal wavenumber are calculated for
horizontal planes located at given heights at fixed points
in time. On such a plane, values of the simulated hydro-
dynamic variable f; are set in the nodes of the horizontal
grid with coordinates x;, i=1, 2, ..., N. For any ky=k,,
these values can be approximated by the sum of the co-
sine and sine Fourier transforms

f, = X (k, )cos(k,x)+Y (k, )sin(k,x). )

After determining X(k,) and Y(k,) by the least square
method, the amplitude A¢«(k,) and the spectral density
Si(k,) are calculated using formulas

2
A (k) =VX?+Y?, S, (k)= L“ZAf :
T
The calculations are equivalent to the widespread
Lomb—Scargle spectral analysis method [Lomb, 1976;
Scargle, 1982]. For equally spaced grid nodes x;, apply-
ing (2), (3) yields the same results as the fast Fourier
transform, yet procedures (2), (3) are also applicable to
the grids with unequally spaced nodes.

The left plot of Figure 1 shows the spatial spectral
density S,(kn) of vertical velocity at an altitude of 0.1
km near the wave source at the lower boundary of the
atmosphere for t=t,+40 hr. The spectrum in the left plot
is dominated by the spectral component with ky;=2m/Any
corresponding to the primary AGW with a horizontal
length 2,;=840 km, which is generated by surface wave
source (1). In addition, the spectrum in the left plot has
a continuum formed by secondary AGWs and mathe-
matical errors arising in the numerical model.
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Figure 1. Spectral density of model variations in vertical
velocity (in m¥s?) as function of k, (m™) on a horizontal plane
located at an altitude of 0.1 km for t=t,+40 hr (left) and the
result of exclusion of primary AGW (right) for wave source
(1) on the Earth surface with W,=0.1 mm/s and a horizontal
phase velocity ¢,=100 m/s
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The primary AGW has the form of a plane wave of
the same amplitude on the entire horizontal plane,
which allows us to distinguish between the spectra of
primary and secondary AGWSs. The presence of nonuni-
formity of the horizontal velocity in the numerical mod-
el can lead to local changes in the horizontal wave-
number. Therefore, the peak corresponding to the pri-
mary AGW in the left plot is widened and occupies a
certain range of wave numbers k, e[k, —& k., +¢]
near the main maximum at ky,=ky;. The right plot dis-
plays the spectral density S;(k,) after exclusion of
spectral components in the g-neighborhood of the main
maximum. In this region, the spectrum in the right plot
of in the range k, e[k, —&, ky, +&] is changed for line-
ar interpolation between values at the boundaries of the
range.

Such spectra separation makes it possible to deter-
mine the variances of f variations induced by primary

(8%,) and secondary (5%,) AGW modes:

kh1+c
=], (k)

K m

8. [ st (k)

Kno

4)
dk, ,

where Ky and ky,,, are minimum and maximum boundary
values of the spectral region we analyze.

The spectrum in the right plot contains information
about secondary AGWSs occurring during evolution and
interactions of a primary wave generated in the model
with a surface wave source. This open up new opportu-
nities for studying the occurrence of secondary waves
under various atmospheric conditions.

3. EVOLUTION OF THE SPECTRUM
OF SECONDARY AGWs

Figure 1 demonstrates that at a very low height in
the immediate vicinity of the source, the primary wave
dominates, so it would be well to examine similar spec-
tra at other heights and at other time points. Figure 2
illustrates the spectra of model variations in vertical
velocity at different heights in the middle and upper
atmosphere. It is apparent that in the mesosphere and
thermosphere in the spectra, along with the main peak
of primary AGW with k,=k,, there are peaks at multi-
ples of wave numbers ky,= 2 ki, and kps=3 kys. These
peaks are peculiar to secondary wave modes, which
arise due to the nonlinearity of hydrodynamic equations.

Table 1 lists the amplitudes peculiar to the spectral
peaks of primary and secondary AGW modes shown in
Figure 2. The amplitude of primary AGW is seen to
peak at ~100 km and decrease somewhat at higher alti-
tudes. This can be explained by the increase in molecu-
lar viscosity and thermal conductivity at higher alti-
tudes, as well as by the transition of part of the wave
energy from AGW to the mean flow induced by waves
above 100 km (see [Gavrilov et al., 2022]).

Figure 3 and Table 1 suggest that at 150-200 km W,
is higher for a wave with ¢,=100 m/s as compared to the
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AG'W having ¢,=50 m/s. According to the dispersion
equation of the theory of atmospheric AGWs, a faster
wave has a longer vertical length and undergoes weaker
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Figure 2. Spectral density of model variations in vertical
velocity (in m%s?) as function of k, (in m™) on horizontal
planes located at different heights (marked with numbers in
km) at t=t,+40 hr for wave source (1) on the Earth surface
with Wy=0.1 mm/s and a horizontal phase velocity ¢,=50 m/s
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Figure 3. The same as in Figure 2 for a wave source with
¢,=100 m/s
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Table 1

Amplitude of primary AGW W, (the main spectral peak in Figure 2) and relative amplitudes of secondary waves W,, W5 cor-

responding to two subsequent spectral peaks at t= t,+40 hr

2 km cp=50 m/s c,=100 m/s
W, mm/s W,/W4q, % Wa3/Wq, % Wi, mm/s W,o/W4q, % Wa/Wy, %
0.1 0.10 0.009 0.013 0.10 0.001 0.001
60 4.18 0.206 0.006 4.76 0.129 0.008
100 84.8 2.404 0.123 90.2 1.200 0.020
120 724 0.929 0.044 314 2.574 0.085
150 30.6 0.327 0.043 34.0 2.499 0.077
200 13.7 0.372 0.121 23.6 2.202 0.165

dissipation in the upper atmosphere. Figures 2 and 3
refer to a fixed moment of the model time after activa-
tion of surface AGW source (1).

The time evolution of wave spectra at z=100 km is
illustrated in Figure 4, and the corresponding amplitudes
of primary and secondary AGWSs are shown in Table 2.
Table 1 indicates that in the numerical experiment
W,/Wi=8,,,/8,1~2.5 % at 120-150 km for AGW with
c,=100 m/s. In Table 1, for a slower mode with c¢,=50
m/s, the ratios (W./Wi)so and (Ws/Wy)s, exceed
(Wo/W1)100 and (Ws/W1)1go for a wave with ¢,=100 m/s at
100 km, whereas at high altitudes (W,/W1)so<(W2/Wy)100
and (Ws/W1)50<(W3/W1)100. This appears to be due to the
shorter vertical length of the slower AGW, which leads
to a stronger instability and nonlinearity of the mode with
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Figure 4. Spectral density of model variations in vertical
velocity (in m%s?) as function of k, (in m™) on the horizontal
plane z=100 km at various moments of model time t-t, (indi-
cated by numbers in hours) for wave source (1) on the Earth
surface with Wy=0.1 mm/s and ¢,=100 m/s
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Table 2

The same as in Table 1 for 100 km and different time val-
ues t-—t,

t-t,, hr ¢,=100 m/s
W]_, mm/S W2/W1, % W3/W1, %

—20 0.09 0.497 0.002
-10 2.44 0.272 0.002

0 67.5 0.958 0.010
30 90.2 1.197 0.021
55 89.6 1.201 0.020
80 88.4 1.199 0.019

¢,=50 m/s near 100 km and to a stronger attenuation of
this wave at higher altitudes under the action of molecu-
lar viscosity and thermal conductivity.

The small values of W,/W; and Ws/W; in Tables 1
and 2 suggest that in the cases we analyze the ampli-
tudes and momentum and energy fluxes of secondary
waves are lower than those of the primary AGW. This is
due to the relatively weak nonlinear interactions during
propagation of low-amplitude AGWs in the background
temperature and wind fields, which do not contain con-
vective and shear instabilities and critical levels. With
an increase in the amplitude of wave sources and in the
presence of instabilities and critical levels, the relative
percentage of secondary AGWs may increase. Moreo-
ver, components with large vertical wavelengths may
appear in the spectrum of secondary AGWSs, which are
subject to weaker dissipation and can more easily pene-
trate into the upper atmosphere. Studying these process-
es requires further simulation and observation of sec-
ondary AGWs in the atmosphere.

CONCLUSION

We have simulated plane AGWSs in the high-
resolution nonlinear model AtmoSym and have separat-
ed spectra of primary waves, generated by a wave
source at the lower boundary of the model, and second-
ary modes, generated by these primary waves at differ-
ent heights of the middle and upper atmosphere. Exam-
ples are given which illustrate the gradual formation of
the spectrum of secondary waves after switching on the
wave source in the model. It is shown that a short time
after switching on the plane wave source at the lower
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boundary of the model, the spectrum consists of a peak
corresponding to primary AGW and white noise gener-
ated by random atmospheric disturbances and noise of
the numerical model. Later on, peaks of secondary wave
modes with horizontal wave numbers that are multiples
of the wave numbers of primary AGW appear in the
spectra. Separating the spectra of primary and secondary
AGWs allows us to estimate the relative contribution of
secondary AGWs at different altitudes, at different
times, and with different stability of the background
temperature and wind profiles in the atmosphere.

Because of the limited computational power, in this
paper we have performed simulation with a sufficiently
large step of the horizontal grid and have analyzed only
the primary wave and the first two spectral peaks of
secondary modes. A similar simulation with a smaller
step is required to examine the features of the formation
of the secondary AGW spectrum in a wider range of
wave numbers. Further simulation is also required to
study the relative contribution of secondary AGWs to
the wave momentum and energy flows with increasing
amplitude of wave sources and in the presence of insta-
bilities and critical levels created by background tem-
perature and wind fields.

The work was financially supported by the Russian
Science Foundation (Grant No. 22-27-00171).
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